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CATEGORIES OF KRIPKE FRAMES

CATs ARE GoobD FOR Us!

SEMANTICS OF DEL, CATEGORICALLY

Category theory studies a given type of structure f : X — Y between Kripke frames is monotone itt A submodel is given by the initial liftof7 : S — X, Analyzing product update, Rxgr is the initial
by studying its “category”, the family of objects of i.e. Rs = i" o Rx o i, with [pllg = i '[[plly. With  lift of projections px = p% o i and pg = p} o i in
that type and relationships among them. Various ¥ f Sy DX < f Dy = [[o ] x, public announcement of ¢ is
constructions are captured by “universal arrows” o . o o [[[g'](P]] v = Villpls, the modality of relation ' XQ®E = | "
and “functors” (homomorphisms of cats). E.g., X i 7 i Y XT 7 T i« (w € [[o!]plly iff v € [@llg whenever viw). D.oer [Pre(e’) ] x ¢ L Dece X = X XE —E5E
/Sets N /caBa )\ A f Y PX- £l Y * In contrast, [0 = @]y :Jrv o i '[@lly is also a éleA q,'\ "
P1 X P11 px modality, viz. that of 7 o 1". m el |FX
/ / N\ A WV
PXXY) f is a bounded morphism iff “="holds instead of " [Pre(e)]x ¢ i > X
% Y ]92&—? PY “c”,”<”. The cat Krg of bounded morphisms is y Z; N Vi X ‘
- 7S | | “the” cat for static modal logic. But for DEL, th : > X Fowe——%2X
© cat Iob static modat 1og1c. but fot s Hhe R 15 i 1 r T ;1 T ¢ [E, e] is the modality of R, = g, o i,T =it o g..

In DEL, one considers a family of models in which | | cat Kr of monotone maps is equally important. > 4 : . * Pre(e) = —isthatof px o R, =i, 0 7,".
one model is updated to another by constructions Kris "topological over S¢—+—X PS>——PX The reducti o for O i be the d el f
that model informational processes. This is pre- Sets”: Given any family fi Z | © TEAHEHON atiOm 0T =I5 DY e | Ha .(?r
cisely what category theory is there for! of funct1oes fir X — Y; X > Y Reduction axioms follow immediately: RxeE © Re = (UeRE‘e’_lfe’) o Rx ote ol

to (Y;, R;),ithasaunique Ry i iR. ' . VRt © VRygpt = Vi © fe " O YRyt © [erper © VR 1

“initial lift” Ye v * [lotlplx = Vi[[l?]]sf Vi o i [plx - [0 = plx.

] 1 ° . _ . . . .

CATEGORY OF KEESEINN. Rx = Ni(fi* o Ri o f) £ thedual of Rs o 1= 170 Ry o 1 017 gives WHY MERELY MONOTONE MAPS?

V; o VRS‘L [[(p]]s =V, o0 i1 o \V’RXJr O \V’i[[(p]]s

In the cat Rel of sets and binary relations, rela-

tions are ordered by C, and each relation R has an served by all f;), so that f; are universal. It follows | |

(the largest relation pre- It is crucial that px is not a bounded morphism. If

itis, [@llxer = 1[[g0]]x and |E, e| boils down to
Pre(e) = — (so events teach nothing to agents).
Also, monotone maps can tabulate any relation

opposite RT. This makes Rel a “higher cat” and a [[o![Delly [0 = Ola!]elly.
self-dual “dagger cat”.

Rel can express e.g. reflex-

that every limit or colimit in Sets “lifts” to one in
Kr, on the same set and functions. E.g. products:

ivity of R : X b X (i.e. w = R> -~ Sets N Kr APrPPLICATION: FIRsT-ORDER DEL between Kripke fra.m.es, bu’e bounded morphisms

. . —t— T 1 (X, Rx) | e can only tabulate bisimulations.

implying wRv) as Ix € R. In X \Lﬂ/ Y _ R X Categorical, structural characterization makes var-

particular, Sets is the subcat R X XY —~_ (X XY, R) — ious constructions easier to extend, e.g. to use them Thekeyispx® : Kr/X — Kr/X®E, the pullback

of f: X+ Ysthlx C ffof : \ P2 7Y VAR P2~ (Y, RY)/ as modules for combining. One exampleistocom-  functor along the canonical map px : X ® E — X.

and f o fT C1y. R bine first-order and DEL structures, by extending  This pulls back a Kripke-sheaf model to another,
In Sets, R € X; X Xp are x ) 2% Also, every subset i : S < X of (X, Rx) lifts to the product update to pullback update. and each px*Dy is the

“tabulated” by r; : R — Xj, so R subframe on S. These constructions, essential for product update of D.

that R = r, o 117 : X1 b Xo. DEL, take place in Kr but not Krs. ArrEnDIX: KRIPKE-SHEAF SEMANTICS Dm ® E — Dm This validates the usual

reduction axioms and

0,} Kripke-sheaf semantics models FOL with a map 7 : D” ® E
(HIGHER) DUALITY [} OF RELATIONS AND MODALITIES D — X of ”possible individuals” to the worlds [E, e]Vygo = \V/y[E, e]go
they live in. Take n-fold products Dy in the “slice |~ for V, making FOK plus
3, Tt e J_ gives an order iso from the relations R : X cat” Kr/(X, Rx), and then @O X ® E s X them sound and com-
DX ( T > DY % < 1 ) PY Y to the all-]om-preservmg h:PX — PY. e ]:)E ‘ 0 ]] C D;l( jnterprets a_n D”"‘l H Dn plete.
V ri VR Ri C Ry & Fg, < g, & Tg,+ < It n-ary formula @ in context ¥,
| | | ¢ V_ gives an order-reversing iso from R : X - Y e [x|Vy.oll=V,lx,y|el. "+\/ /

Given a relation R : X & Y, define monotone to the all-meet-preserving 1 : PX — PY. But each D" is a Kripke frame, MucH MORE CAN BE DONE
Jr(S)={veY |w €S forsome w s.th. wRv }, Ri C Ry & VR, < VR, & Vgt < Vgt eso[x|Op] = \V/RD?(Jr[[?E | o 1. e Categorical analysis of more vocabularies (e.g.
VrR(S) ={v €Y |w €S forallw s.th. wRv }. In short, &g = dgr+ and Og = Vx+ are dual to R. Every map involved here is a bounded morphism etommo(?tknowlﬁ:lge), struettzre’f. (e..g;c.prl())babél-

Then Or = g+ and Og = Vit for R : X - X. Also, Correspondence results follow, e.g, it T is a “Kripke sheat”. It then means a certain ity), and types of logic (e.g. intuitionistic-based).

e Theory and characterization of reducibility.

=3 st = Vgt for functions f : X — Y. e Risreflexiveiff 1x C Rift Or < lpx ift Op + @. coherence condition that implies

Maps h,k : PX — PY are ordered: h < kif o R s transitive iff R o R C R iff O < O o Og. ® The simple union FOK of FOL and K is sound
h(S) C k(S) forall S C X. Then a theorem: and complete w.r.t. Kripke-sheaf semantics.

* px* as a map of “toposes” of Kripke sheaves.

® Duality theory with a “syntactic cat” of DEL.




